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RISK MINIMIZATION FOR GAME OPTIONS IN MARKETS
IMPOSING MINIMAL TRANSACTION COSTS
YAN DOLINSKY AND YURI KIFER
HEBREW UNIVERSITY OF JERUSALEM
Abstract. We study partial hedging for game options in markets with trans-
action costs bounded from below. More precisely, we assume that the investor’s
transaction costs for each trade are the maximum between proportional trans-
action costs and a fixed transaction costs. We prove that in the continuous time
Black–Scholes (BS) model, there exists a trading strategy which minimizes the
shortfall risk. Furthermore, we use binomial models in order to provide nu-
merical schemes for the calculation of the shortfall risk and the corresponding
optimal portfolio in the BS model.
1. Introduction
A game contingent claim (GCC) or game option, which was introduced in [14],
is defined as a contract between the seller and the buyer of the option such that
both have the right to exercise it at any time up to a maturity date (horizon) T . If
the buyer exercises the contract at time t then he receives the payment Yt, but if
the seller exercises (cancels) the contract before the buyer then the latter receives
Xt. The difference ∆t = Xt − Yt is the penalty which the seller pays to the buyer
for the contract cancellation. In short, if the seller will exercise at a stopping time
σ ≤ T and the buyer at a stopping time τ ≤ T then the former pays to the latter
the amount H(σ, τ) where H(σ, τ) = XσIσ<τ + Yτ Iτ≤σ and we set IQ = 1 if an
event Q occurs and IQ = 0 if not.
A hedge (for the seller) against a GCC is defined as a pair (π, σ) that consists
of a self financing strategy π and a stopping time σ which is the cancellation time
for the seller whom we also call an investor. For more details on game options see
[15].
In this paper we study hedging with transaction costs of the following form. If
the investor makes a small trade then he pays a fixed transaction costs, and if the
investor makes a large trade he pays proportional transaction costs. Formally, for
buying (or selling) β 6= 0 stocks the transaction costs are given by max(δ, µ|β|S)
where δ > 0, 0 < µ < 1 are constants and S is the stock price at the moment of the
trade. The investor’s total transaction costs should be finite, hence in our setup
the investor can trade only a finite (random) number of times. Although this type
of transaction costs is very natural and widespread it was not studied much so far.
In [4] it was proved that super–replication of game options under proportional
transaction costs is expensive and leads to trivial (buy–and–hold) strategies. Since
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the friction in our setup is larger than the friction in the proportional costs setup,
then similar results hold true for our case as well. Therefore, with the presence
of transaction costs, it is reasonable to assume that the seller’s (investor’s) initial
capital is less than the superhedging price, and so hedging with risk comes into the
picture. We deal with a certain type of risk called the shortfall risk, which is the
maximal expectation with respect to the buyer exercise times of the shortfall. For
the definition of the shortfall risk measure for game options see [5] and [6].
There are several papers which study shortfall minimization with friction (see for
instance, [3], [8], [9], [11] and [12]). All of these papers considered the proportional
transaction costs setup (for European and American options) for which they proved
an existence of an optimal hedge.
In real market conditions transaction costs generally contain a fixed component,
i.e. the transaction costs are bounded from below by a positive constant. Many
authors considered utility maximization under transaction costs with a fixed com-
ponent. For details see ([1], [7], [16], [19], [20] and [21]). However for partial hedging
of derivative securities this setup was not studied before.
In this paper we consider a game option in the BS model with continuous path
dependent payoffs. Our first result says that for our type of frictions there is an
optimal hedge. In general, the problem of the existence of an optimal hedge for the
shortfall risk measure in a game options setup is much more complicated than for
European and American options. The reason is that for game options the shortfall
risk measure fails to be a convex functional of the portfolio strategy, and so the
compactness principle which relies on the Komlos lemma can not applied here.
This is the principle which applied for European and American options in all of
the mentioned above papers. For the type of transaction costs considered here
convexity arguments do not work for any type of options, and so our result is new
even for American options (as a special case of game options) though in this case
the proof is simpler. For game options in a setup without friction or with friction
smaller than we consider in this paper, the existence of a shortfall minimization
hedge is an open question.
Our approach is to establish the continuity of the shortfall risk function and to
reduce the optimization problem to a Dynkin game with continuous payoffs. Then
we apply Dynkin games theory in Brownian setup and use the fact that the set of
all permissible trades is compact.
Next, we deal with the computational aspect of shortfall risk minimization. We
employ an appropriate sequence of binomial models in order to approximate the
shortfall risk and to construct almost optimal portfolios in the BS model. For
Lipschitz continuous (may be path dependent) payoffs we obtain two sided error
estimates for the binomial approximations. So far, shortfall risk approximations
for game options were considered only in the frictionless setup (see [6]), where we
obtained only one sided error estimates. In general, in the presence of friction which
is no less than proportional transaction costs, we can find a uniform bound for the
growth of admissible portfolios. This bound is essential for establishing the error
estimates.
For game options in binomial models the shortfall risk and the corresponding
optimal portfolio can be calculated by a dynamical programming algorithm. Thus,
these approximation theorems provide an efficient tool for numerical calculation of
the shortfall risk and the corresponding optimal hedge in the BS model.
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Main results of this paper are formulated in the next section. In Section 3 we
prove the existence of an optimal hedge (Theorem 2.1). In Section 4 we prove the
approximation results (Theorem 2.2). The proof of both Theorems 2.1 and 2.2 rely
on some regularity properties of the shortfall risk whose proofs we postpone till
Section 5.
2. Preliminaries and Main Results
Consider a complete probability space (Ω,F ,P) together with a standard one–
dimensional Brownian motion {Wt}∞t=0, and the filtration Ft = σ{Ws|s ≤ t} com-
pleted by the null sets. Our BS financial market consists of a safe asset B used as
numeraire, hence B ≡ 1, and of a risky asset S whose value at time t is given by
(2.1) S
(s)
t = s exp(κWt + (ϑ− κ2/2)t), s > 0, t ≥ 0
where κ > 0 is called volatility and ϑ ∈ R is another constant. It is well known
that for the BS model there exists a unique probability measure Q ∼ P such that
the stock price process S(s) is a Q martingale. Using standard arguments it follows
that the restriction of the probability measure Q to the σ–algebra Ft satisfies
(2.2) Zt :=
dQ
dP
|Ft = exp
(
−ϑ
κ
Wt − 1
2
(
ϑ
κ
)2
t
)
.
Next, let T < ∞ and let C[0, T ] be the space of all continuous functions f :
[0, T ]→ R equipped with the uniform topology. Denote by C++[0, T ] ⊂ C[0, T ] the
subset of all strictly positive functions. Let F,G : C[0, T ]→ C[0, T ] be continuous
progressively measurable functions which means that for any t ∈ [0, T ] and x, y ∈
C[0, T ], G(x)[0,t] = G(y)[0,t] and F (x)[0,t] = F (y)[0,t] if x[0,t] = y[0,t]. We assume
that F ≤ G and there exist constants C, p > 0 for which
(2.3) ||F (x)|| + ||G(x)|| ≤ C(1 + ||x||p)
where || · || denotes the sup norm on the space C[0, T ]. Consider a game option
with maturity date T and continuous payoffs which are given by
Y
(s)
t = [F (S
(s))](t) ≤ [G(S(s))](t) = X(s)t .
In our model, purchase and sale of the risky asset are subject to transactions
costs which are the maximum of a constant fee and a proportional transaction cost.
Namely, if the investor buys (or sells) β stocks then his transaction costs are given
by
g(β, S) := max(δ, µ|β|S)Iβ 6=0
where δ > 0, 0 < µ < 1 are constants and S is the stock price at the moment
of trade. Presence of this minimal transaction cost yields that in order to avoid
infinite transaction costs portfolios can only be rebalanced finitely many (but a
random number of) times.
Next, we define hedging and shortfall risk in the above setup. A (self financing)
trading strategy with an initial position (z, y) is a triple π = (z, y, γ) where z is
the cash value of the portfolio at the initial time, y is the number of stocks at this
moment, and γ = {γt}Tt=0 is an adapted, left continuous, pure jump process with
finite (random) number of jumps and initial value γ0 = y. The random variable
γt denotes the number of shares in the portfolio π at time t before any change is
made at this time (which is the reason why we assume that the process γ is left
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continuous). Observe that at time 0 the investor has the value z + g(y, s)− ys on
his savings account. Thus the portfolio (cash) value of a trading strategy π at time
t is given by
(2.4) V πt = z +
∫ t
0
γudS
(s)
u + g(y, s)− g(γt, S(s)t )−
∑
u∈[0,t)
g(γu+ − γu, S(s)u ),
where in the last sum there is only finitely many terms which are not equal to
zero. A portfolio π will be called admissible if V πt ≥ 0 for any t. A hedge consists
of a trading strategy and a cancellation time. Thus, formally a hedge with initial
position (z, y) is a pair (π, σ) such that π is an admissible portfolio and σ ≤ T is a
stopping time (with respect to the Brownian filtration). From (2.4) it follows that
for an admissible portfolio π the stochastic process V πt , t ≥ 0 is a super–martingale
with respect to the martingale measure Q. The set of all hedges with initial position
(z, y) ∈ R+×R will be denoted by A(T, s, z, y). The set of all hedges will be denoted
by A(T, s), where s is the initial stock price and T is the maturity date.
Next, we define the shortfall risk. Denote by TT the set of all stopping times less
or equal than T . For a hedge (π, σ) the shortfall risk is defined by
R(T, s, π, σ) = sup
τ∈TT
EP
(
X(s)σ Iσ<τ + Y
(s)
τ Iτ≤σ − V πσ∧τ
)+
,
which is the maximal possible expectation with respect to the probability measure
P of the shortfall. The shortfall risk for an initial position (z, y) is given by
R(T, s, z, y) = inf
(π,σ)∈A(T,s,z,y)
R(T, s, π, σ).
The following theorem says that for a given initial position (z, y) there exists a
hedge which minimizes the shortfall risk.
Theorem 2.1. Let (z, y) ∈ R+ × R be an initial position. There exists a hedge
(may be not unique) (πˆ, σˆ) ∈ A(T, s, z, y) such that R(T, s, πˆ, σˆ) = R(T, s, z, y).
Next, we approximate the shortfall risk in the Black–Scholes model by a sequence
of binomial models. In order to obtain error estimates we will assume that the
functions F,G can be extended to the space D[0, T ] (of all ca`dla`g functions on the
interval [0, T ]) and satisfy the following Lipschitz condition. There exists a constant
L such that for any 0 ≤ t1 < t2 ≤ T and x, y ∈ D[0, T ],
||F (y)− F (x)|| + ||G(y)−G(x)|| ≤ L||y − x|| and(2.5)
|F (x)(t2)− F (x)(t1)|+ |G(x)(t2)−G(x)(t1)| ≤
L
(
(t2 − t1)(1 + ||x||) + supt1≤u≤t2 |x(u)− x(t)|
)
.
For any n consider a binomial model which consists of a savings account ≡ 1, and
of a piecewise constant risky asset {Sn,st }Tt=0 given by
Sn,st = s exp

κ
√
T
n
[nt/T ]∑
i=1
ξi

 , t ∈ [0, T ]
where [·] denotes the integer part and ξ1, ξ2, ... are i.i.d. random variables taking
values 1 and −1 with probabilities p(n) =
(
exp((κ− 2ϑκ )
√
T
n ) + 1
)−1
and 1−p(n) =
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(
exp((2ϑκ − κ)
√
T
n ) + 1
)−1
, respectively. Let Pn be the corresponding probability
measure and let F (n)t = σ{Sn,su : u ≤ t} be the filtration which is generated by Sn,s.
Denote by A(n)(T, s, z, y) the set of all hedges with an initial position (z, y).
The definition of a hedge is done in analogous way to the Black–Scholes model, just
replace the Brownian filtration by F (n) and S(s) by Sn,s in (2.4).
We introduce game options with the piecewise constant payoffs
Y n,st = [F (S
n,s)]([nt/T ]T/n) ≤ Xn,st = [G(Sn,s)]([nt/T ]T/n), t ∈ [0, T ].
Define the shortfall risk
Rn(T, s, π, σ) = sup
τ∈T
(n)
T
EPn (X
n,s
σ Iσ<τ + Y
n,s
τ Iτ≤σ − V πσ∧τ )+ ,
where T (n)T is the set of all stopping times less than T . The shortfall risk for an
initial position (z, y) is given by Rn(T, s, z, y) = inf(π,σ)∈A(n)(T,s,z,y)Rn(T, s, π, σ).
Next, we introduce a simple form of Skorokhod embedding which allows to con-
sider the above binomial markets and the BS model on the same probability space.
Set W ∗t =
lnS
(s)
t −ln s
κ , t ≥ 0, and for any n ∈ N define recursively θ
(n)
0 = 0, θ
(n)
k+1 =
inf {t > θ(n)k : |W ∗t −W ∗θ(n)
k
| =
√
T
n }. Observe (see [6]) that for any k,W ∗θ(n)
k+1
−W ∗
θ
(n)
k
is independent of F
θ
(n)
k
and takes on the values
√
T
n and −
√
T
n , with probabilities
p(n) and 1 − p(n), respectively. For any n, define the map Πn : L∞(F (n)T ,Pn) →
L∞(F
θ
(n)
n
,P) by Πn(U) = U˜ so that if U = f
(√
T
n ξ1, ...,
√
T
n ξn
)
for a function f
on {
√
T
n ,−
√
T
n }n then U˜ = f(W ∗θ(n)1 ,W
∗
θ
(n)
2
−W ∗
θ
(n)
1
, ...,W ∗
θ
(n)
n
−W ∗
θ
(n)
n−1
).
The map Πn allows to lift hedges from the binomial models to the BS model. For
an initial position (z, y) denote by AW,n(s, z, y) the set of all admissible self financ-
ing strategies which are managed on the set {0, θ(n)1 , ..., θ(n)n } such that after the
time θ
(n)
n the number of stocks in the portfolio is 0. Namely, π = (z, y, {γ˜t}∞t=0) ∈
AW,n(s, z, y) if γ˜t is constant on the interval (θ(n)k , θ(n)k+1], k < n and γ˜t ≡ 0 on
(θ
(n)
n ,∞). The portfolio value is given by (2.4). Define the lifting Ψn : A(n)(T, s, z, y)→
AW,n(s, z, y)×TT , Ψn(π, σ) = (π˜, σ˜) as follows. Let π = (z, y, γ). Then π˜ = (z, y, γ˜)
where
γ˜t = yIt=0 +
n−1∑
i=0
I
θ
(n)
i <t≤θ
(n)
i+1
Πn(γ(i+1)T/n).
Similar arguments as in [3] (see Section 2 there) yield that
V π˜
θ
(n)
k
= Πn(V
π
kT/n) k = 0, 1, ..., n
and V π˜t ≥ 0, t ≥ 0. Furthermore, the portfolio value V π˜t is constant after θ(n)n .
Observe that if we restrict the portfolio π˜ to the interval [0, T ] we get an element
in A(T, s, z, y). Next, we define σ˜ ∈ TT by
σ˜ = T ∧ θ(n)Πn(σ) if Πn(σ) < n and σ˜ = T if Πn(σ) = n.
The following theorem says that the shortfall risk in the BS model can be approxi-
mated by the shortfall risks in the binomial models defined above. Furthermore, by
6 Y.Dolinsky and Y.Kifer
lifting the optimal hedges in the binomial models we get ”almost” optimal hedges
in the BS model.
Theorem 2.2. Let (z, y) ∈ R++×R be an initial position. There exists a constant
C > 0 such that for any n ∈ N
|R(T, s, z, y)−Rn(T, s, z, y)| ≤ Cn−1/4(lnn)3/4.
Furthermore, let (πn, σn) ∈ A(n)(T, s, z, y) be an optimal hedge, i.e. Rn(T, s, πn, σn) =
Rn(T, s, z, y). Then for the hedges (π˜n, σ˜n) = Ψn(πn, σn), n ∈ N, we have
R(T, s, π˜n, σ˜n) ≤ R(T, s, z, y) + Cn−1/4(lnn)3/4,
where in the above right hand side we take the restriction of π˜n to the interval [0,T].
Remark 2.3. Theorems 2.1 –2.2 can be extended to the case where the constant
component δ becomes a Lipschitz continuous function of time δ(t). This makes sense
since then we can consider constant minimal transaction cost δ with respect to the
original currency where measured by numeraire δ(t) = δert with r being the interest
rate. In this case the portfolio value process may no longer be a super–martingale
under the martingale measure Q. The super–martingale property is used in Lemma
5.3. However, by applying the growth results obtained in Lemma 4.1 we can still
prove the statement of Lemma 5.3. In this case the proofs of both Theorems 2.1 and
2.2 will become more technical and somewhat unwieldy. The first reason for these
complications is that in a setup where the constant component depends on time,
the lifting of the hedges more involved and it requires truncation of the portfolio in
order to keep the admissability condition. The second reason is that Lemma 4.3
requires a new proof, since the portfolio strategy is not a super–martingale. Both
of these steps can be done using Lemma 4.1 but in order to simplify exposition we
will deal here only with the case where δ is constant with respect to the numeraire.
3. Proof of Theorem 2.1
We start with some preparations. For any T ≤ T and v ∈ C++[0, T ] define the
continuous stochastic process {ST,vt }Tt=0 by
ST,vt = vT−TIt≤T−T + S
(vT−T)
t+T−T It>T−T.
Namely, ST,v coincides with v on the interval [0, T − T] and ST,vt is a geometric
Brownian motion for t > T − T. Consider a cash settled game option with a
maturity date T <∞ defined in a BS financial market which is described in Section
2. The payoffs are given by
Y T,vt = [F (S
T,v)](t+ T −T) and XT,vt = [G(ST,v)](t+ T −T) t ∈ [0,T].
Observe that the processes XT,vt ≥ Y T,vt , t ∈ [0,T] are continuous and adapted.
Furthermore, if T = T then XT,vt = X
(v0)
t and Y
T,v
t = Y
(v0)
t for t ∈ [0, T ].
Next, we define the shortfall risk for a maturity T ≤ T . The sets A(T, s, z, y)
and TT are defined as in Section 2, just replace T by T. For v ∈ C++[0, T ] and a
hedge (π, σ) ∈ A(T, vT−T, z, y) the shortfall risk is defined by
R(T, v, π, σ) = sup
τ∈TT
EP
(
XT,vσ Iσ<τ + Y
T,v
τ Iτ≤σ − V πσ∧τ
)+
.
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Similarly to above we set R(T, v, z, y) = inf(π,σ)∈A(T,vT−T,z,y)R(T, v, π, σ). Ob-
serve that R(T, v, ·, ··) and R(T, v, ·, ··) depend only on v[0,T−T]. Furthermore for
T = T , if v0 = s then R(T, v, ·, ··) = R(T, s, ·, ··) and R(T, v, ·, ··) = R(T, s, ·, ··).
Now, assume that at a given time a portfolio value is z, the number of stocks is
y and the stock price at this moment is S. If the investor buys β 6= 0 stocks then
the new (cash settled) portfolio value will be
(3.1) h(S, z, y, β) := z + g(y, S)− g(y + β, S)− g(β, S).
For β = 0 we define the function h such that it will be continuous in β = 0.
Thus we set h(S, z, y, 0) = z − δ. Let Γ(S, z, y) be the set of all β which satisfy
h(S, z, y, β) ≥ 0. It is clear that Γ(S, z, y) is a compact set. Observe also that a
portfolio strategy is admissible if and only if it consists of permissible trades. For
y 6= 0 we have that −y ∈ Γ(S, z, y), and so the set Γ(S, z, y) is not empty. For y = 0
the set Γ(S, z, y) is empty if and only if z < δ. Define,
(3.2)
Rˆ(T, v, z, y) = min
(
(XT,v0 − z)+, inf
β∈Γ(vT−T,z,y)
R (T, v, h(vT−T, z, y, β), β + y)
)
where the infimum over an empty set is ∞.
Next, let s be the initial stock price and (z, y) be the initial position of the
investor. Set
V
s,z,y
t = z + g(y, s) + y(S
(s)
t − s)− g(y, S(s)t ), t ≥ 0.
Observe that Vs,z,yt is the portfolio value at time t of the investor who did not trade
until this time.
The following result is the first step in the proof of Theorem 2.1.
Lemma 3.1. Let (T, v, z, y) ∈ [0, T ] × C++[0, T ] × R+ × R and let s = vT−T be
the initial stock price. Define the stopping time Θ = T∧ inf{t : Vs,z,yt < 0}. Then,
R(T, v, z, y) ≥ infσ∈TT,σ≤Θ supτ∈TT,τ≤Θ EP
(
Iτ≤σ ×
(Y T,vτ −Vs,z,yτ )+ + Iσ<τ Rˆ(T− σ, ST,v,Vs,z,yσ , y)
)
.
Proof. Let (π, σ) ∈ A(T, s, z, y). Set σ1 = σ∧min{t : γt 6= γt+} where π = (z, y, γ).
Clearly σ1 ∈ TT is a stopping time. Introduce the stochastic process
Ut = ess sup
τ≥t,τ∈TT
EP
((
Iτ≤σY
T,v
τ + Iσ<τX
T,v
σ − V πσ∧τ
)+ |Ft) , t ∈ [0,T].
The stochastic process {It≤σY T,vt + Iσ<tXT,vσ − V πσ∧t}Tt=0 is left continuous with
right hand limits. Furthermore, this process is lower semi-continuous from the
right. Thus from the general theory of optimal stopping (see [17] and the references
there) it follows that {Ut}Tt=0 is a ca`dla`g process and for any stopping time ρ ≤ T,
(3.3) Uρ = ess sup
τ∈T ρ
T
EP
((
Iτ≤σY
T,v
τ + Iσ<τX
T,v
σ − V πσ∧τ
)+ |Fρ)
where T ρ
T
is the set of all stopping times ρ ≤ τ ≤ T which satisfy τ > ρIρ<T.
Clearly, there is no trade until the time σ1. Thus V
π
t = V
s,z,y
t for t ≤ σ1. This
together with the fact that σ1 ≤ σ and (3.3) (for ρ = σ1) yields
(3.4) R(T, v, π, σ) = sup
τ∈TT
EP
(
Iσ1<τUσ1 + Iτ≤σ1(Y
T,v
τ −Vs,z,yτ )+
)
.
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From the Markov property of the Brownian motion it follows that
Ut ≥ R(T− t, ST,v, V πt , γt).
Thus, by the continuity of R (see Proposition 5.5) it follows that on the event
σ1 < T,
Uσ1 = Iσ1=σ
(
XT,vσ1 − V πσ1
)+
+ Iσ1<σ limt↓σ1 Ut ≥(3.5)
min
((
XT,vσ1 − V πσ1
)+
, R(T− σ1, ST,v, V πσ1+, γσ1+)
)
≥
Rˆ(T− σ1, ST,v, V πσ1 , γσ1) = Rˆ(T− σ1, ST,v,Vs,z,yσ1 , y).
From (3.4)–(3.5) and the inequality σ1 ≤ Θ we get
R(T, v, π, σ) ≥ infσ∈TT,σ≤Θ supτ∈TT,τ≤Θ EP
(
Iτ≤σ ×(3.6)
(Y T,vτ −Vs,z,yτ )+ + Iσ<τ Rˆ(T− σ, ST,v,Vs,z,yσ , y)
)
and since (π, σ) was arbitrary the proof is completed. 
Next, we construct an optimal hedge and verify that it is indeed optimal. The
verification will be done by showing that for the constructed hedge the left hand
side and the right hand side of (3.6) are equal.
Let (z, y) be an initial position. Set, σˆ0 = 0, γˆ0 = y, Zˆ0 = z. For k ≥ 1 define
the random time Θk = T ∧ inf{t ≥ σˆk−1 : V
S
(s)
σˆk−1
,Zˆk−1,γˆk−1
t < 0} and the stochastic
process {R(k)t }Θkt=σˆk−1 ,
R
(k)
t = ess infσ∈TT ,σˆk−1≤σ≤Θk ess supτ∈TT ,σˆk−1≤τ≤Θk
EP

Iτ≤σ
(
Y
(s)
τ −V
S
(s)
σˆk−1
,Zˆk−1,γˆk−1
τ
)+
+
Iσ<τ Rˆ
(
T − σ, S(s),VS
(s)
σˆk−1
,Zˆk−1,γˆk−1
σ , γˆk−1
)∣∣∣∣Ft
)
.
Next, introduce the random time
σˆk = Θk ∧ inf
{
t ≥ σˆk−1 : R(k)t = Rˆ
(
T − t, S(s),VS
(s)
σˆk−1
,Zˆk−1,γˆk−1
t , γˆk−1
)}
and the random variable
βˆk = β
∗
(
T − σˆk, S(s),V
S
(s)
σˆk−1
,Zˆk−1,γˆk−1
σˆk
, γˆk−1
)
where the function β∗ was introduced in Proposition 5.5. Finally, set
γˆk = γˆk−1 + βˆk and Zˆk = h
(
S
(s)
σˆk
,V
S
(s)
σˆk−1
,Zˆk−1,γˆk−1
τ , γˆk−1, βˆk
)
,
with the function h given by (3.1).
The following lemma completes the proof of Theorem 2.1 and gives a character-
isation of the optimal hedge.
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Lemma 3.2. For any k ≥ 1 the stochastic process {R(k)t }Θkt=σˆk−1 is well defined, con-
tinuous and σˆk,Θk are stopping times. Furthermore, the random variables γˆk, Zˆk
are Fσˆk measurable. Next, the structure of an optimal hedge is described in the
following way. Set,
Nˆ = min{k : σˆk = T } ∧
min

k : Rˆ
(
T − σˆk, S(s),V
S
(s)
σˆk−1
,Zˆk−1,γˆk−1
σˆk
, γˆk−1
)
=
(
X
(s)
σˆk
−VS
(s)
σˆk−1
,Zˆk−1,γˆk−1
σˆk
)+
 .
Then Nˆ <∞ a.s and the hedge (πˆ, σˆ) ∈ A (T, s, z, y) which is given by πˆ = (z, y, γˆ),
where
γˆt = yIt=0 +
Nˆ−1∑
i=1
γˆiI(σˆi,σˆi+1] and σˆ = σˆNˆ ,
satisfies R(T, s, z, y) = R(T, s, πˆ, σˆ).
Proof. First, we establish a stronger version of the inequality (3.6). The exact form
is the following. For any stopping time θ ∈ TT and random variables Z ≥ 0, Y
which are Fθ measurable,
R(T − θ, S(s), Z, Y ) ≥ infσ∈TT ,θ≤σ≤Θ supτ∈TT ,θ≤τ≤Θ(3.7)
EP
(
Iτ≤σ
(
Y
(s)
τ −VS
(s)
θ ,Z,Y
τ
)+
+ Iσ<τ Rˆ
(
T − σ, S(s),VS
(s)
θ ,Z,Y
σ , Y
))
,
where Θ = T ∧ inf{t ≥ θ : VS
(s)
θ ,Z,Y
t < 0}. In order to derive (3.7) introduce the
stochastic processes
Xt := Rˆ
(
T − t, S(s),VS
(s)
θ ,Z,Y
t , Y
)
, t ∈ [θ,Θ]
Yt :=
(
Y
(s)
t −VS
(s)
θ ,Z,Y
t
)+
, t ∈ [θ,Θ].
From Proposition 5.5 it follows that the above processes are continuous. Observe
that (since the buyer can stop at 0) for any (Tˆ, vˆ, zˆ, yˆ) ∈ [0, T ]×C++[0, T ]×R+×R,
Rˆ(Tˆ, vˆ, zˆ, yˆ) ≥ (Y Tˆ,vˆ0 − zˆ)+.We conclude that X ≥ Y, and so by applying standard
results on Dynkin games (see [18]) we derive (3.7) from (3.6).
Next for a given k, consider the stochastic processes
Xˆt := Rˆ
(
T − t, S(s),VS
(s)
σˆk−1
,Zˆk−1,γˆk−1
t , , γˆk−1
)
, t ∈ [σˆk−1,Θk],
Yˆt =
(
Y
(s)
t −V
S
(s)
σˆk−1
,Zˆk−1,γˆk−1
t
)+
, t ∈ [σˆk−1,Θk]
where Zˆk, γˆk, σˆk,Θk, k ∈ N were define above. Observe that Xˆ ≥ Yˆ. Thus,
(induction on k) by applying Proposition 3.9 from [10] (see also Theorem 4.1 in
[2]) we conclude that {R(k)t }Θkt=σˆk−1 is a continuous stochastic process and σˆk is a
stopping time, and γˆk, Zˆk are Fσˆk measurable. From the definition of the function
Rˆ it follows that Zˆk ≥ 0 for k ≤ Nˆ . This together with the definition of the
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stopping times Θk, k ∈ N and the fact that the portfolio value is constant after σˆNˆ
yields that πˆ is an admissible portfolio. Observe, that for any n ∈ N we have
0 ≤ V πˆσˆn ≤ z +max(δ, µ|y|s) +
n∑
i=1
γπσˆi−1(S
(s)
σˆi
− S(s)σˆi−1)− nδINˆ>n.
Taking the expectation with respect to the martingale measure Q we obtain that
Q(Nˆ > n) ≤ z+max(δ,µ|y|s)n , and so Nˆ <∞ a.s. Thus (πˆ, σˆ) ∈ A(T, s, z, y).
Finally, we prove that (πˆ, σˆ) is an optimal hedge. Choose ǫ > 0. There exists
N ∈ N such that
(3.8) P(Nˆ > N) < ǫ.
Define the continuous martingale Mt = EP
(
sup0≤t≤T
(
X
(s)
t
)2
INˆ>N |Ft
)
, t ∈
[0, T ], and the stochastic process
Uˆt = ess sup
τ≥t,τ∈TT
EP
((
Iτ≤σˆY
(s)
τ + Iσˆ<τX
(s)
σˆ − V πˆσˆ∧τ
)+
|Ft
)
, t ∈ [0, T ].
Let us show that for any 0 ≤ k ≤ N ,
(3.9) Uˆσˆk∧Nˆ ≤ Rˆ
(
T − σˆk∧Nˆ , S(s), V πˆσˆk∧Nˆ , γˆk∧Nˆ−1
)
+
√
Mσˆk∧Nˆ ,
where for k = 0 we set Rˆ(T, S(s), z, γˆ−1) := R(T, s, z, y).
We start with k = N . From the definition of Nˆ and the Jensen inequality it
follows that
UˆσˆN∧Nˆ ≤ IσˆN∧Nˆ=σˆ
(
X
(s)
σˆN∧Nˆ
− V πˆσˆN∧Nˆ
)+
+ IN<NˆEP
(
sup0≤t≤T
(
X
(s)
t
)
|FσˆN∧Nˆ
)
≤ Rˆ
(
T − σˆN∧Nˆ , S(s), V πˆσˆN∧Nˆ , γˆN∧Nˆ−1
)
+
√
MσˆN∧Nˆ .
Next, we prove that if (3.9) is true for k+1 then it is true for k. From the definition
of Nˆ , on the event k ≥ Nˆ (which is Fσˆk∧Nˆ measurable), (3.9) trivially holds true.
Consider the event k < Nˆ . On this event, similarly to (3.4) we have
Uˆσˆk = supτ∈TT EP
(
Iσˆk+1<τ Uˆσˆk+1 + Iτ≤σˆk+1
(
Y
(s)
τ −V
S
(s)
σˆk
,Zˆk,γˆk
τ
)+
|Fσˆk∧Nˆ
)
≤
from the induction assumption, since
√
M is a super–martingale and by the defini-
tion of σˆk+1,
≤ supτ∈TT EP
(
Iτ≤σˆk+1
(
Y
(s)
τ −V
S
(s)
σˆk
,Zˆk,γˆk
τ
)+
+ Iσˆk+1<τ×
Rˆ
(
T − σˆk+1, S(s), V πˆσˆk+1 , γˆk
) ∣∣∣∣Fσˆk∧Nˆ
)
+
√
Mσˆk∧Nˆ =√
Mσˆk∧Nˆ + ess infσ∈TT ,σˆk≤σ≤Θk+1 ess supτ∈TT ,σˆk≤τ≤Θk+1
EP
(
Iτ≤σ
(
Y
(s)
τ −V
S
(s)
σˆk
,Zˆk,γˆk
τ
)+
+ Iσ<τ Rˆ
(
T − σ, S(s),VS
(s)
σˆk
,Zˆk,γˆk
σ , γˆk
) ∣∣∣∣Fσˆk∧Nˆ
)
≤
by (3.7),
≤
√
Mσˆk∧Nˆ+R(T−σˆk, S(s), V πˆσˆk , γˆk) =
√
Mσˆk∧Nˆ+Rˆ
(
T − σˆk∧Nˆ , S(s), V πˆσˆk , γˆk∧Nˆ−1
)
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where the last equality follows from the definition of γˆk and the fact that we are
on the event k < Nˆ . This completes the proof of (3.9).
From (2.3), the Cauchy–Schwarz inequality and (3.8) it follows that M0 =
O(ǫ1/2). Thus by applying (3.9) for k = 0,
R(T, s, πˆ, σˆ) = Uˆ0 ≤
√
M0 +R(T, s, z, y) = O(ǫ
1/4) +R(T, s, z, y),
and by taking ǫ ↓ 0 we complete the proof. 
4. Proof of Theorem 2.2
First, we follow Lemma 4.1 in [3] and obtain a bound on the growth of admissible
portfolios.
Lemma 4.1. Let (z, y) ∈ R++ × R be an initial position. There exists a constant
C˜ such that for any π ∈ A(T, s, z, y),
EQ
(
max
0≤t≤T
|γt|S(s)t +
∫ T
0
S(s)u |dγu|
)2
≤ C˜(1 + z2 + y2).
Proof. Let π = (z, y, γ) ∈ A(T, s, z, y). We will use the integration by parts formula
(4.1)
∫ T
0
γudS
(s)
u = γtS
(s)
t − ys−
∫
[0,t]
S(s)u dγu,
and the decomposition γt = γ
+
t − γ−t into a positive variation γ+ and a negative
variation γ−. From (2.4) and (4.1) it follows that for any t ∈ [0, T ]
0 ≤ V πt ≤ z+ g(y, s)+ |y|s− (1+µ)
∫
[0,t]
S(s)u dγu− 2µ
∫
[0,t]
S(s)u dγ
−
u +(1+µ)γtS
(s)
t
and
0 ≤ V πt ≤ z+ g(y, s)+ |y|s− (1−µ)
∫
[0,t]
S(s)u dγu− 2µ
∫
[0,t]
S(s)u dγ
+
u +(1−µ)γtS(s)t .
This together with (4.1) yields∫ t
0 S
(s)
u dγ−u ≤ 12µ
(
z + g(y, s) + |y|s+ (1 + µ)(|y|s+ ∫ t0 γudS(s)u ))(4.2)
and
∫ t
0
S
(s)
u dγ+u ≤ 12µ
(
z + g(y, s) + |y|s+ (1− µ)(|y|s+ ∫ t
0
γudS
(s)
u )
)
.
Consequently,
γtS
(s)
t ≥
∫ t
0
γudS
(s)
u −
∫
[0,t]
S
(s)
u dγ−u − |y|s ≥(4.3)
− 12µ (z + g(y, s) + (2 + 3µ)|y|s)− 1−µ2µ
∫ t
0
γuS
(s)
u
and
γtS
(s)
t ≤ |y|s+
∫ t
0 γudS
(s)
u +
∫
[0,t] S
(s)
u dγ+u ≤(4.4)
1
2µ (z + g(y, s) + (2 + µ)|y|s)− 1+µ2µ
∫ t
0 γuS
(s)
u .
From (4.3)–(4.4) and the inequality (a+ b)2 ≤ 2(a2 + b2) we obtain
(4.5) |γtS(s)t |2 ≤
(z + g(y, s) + (2 + 3µ)|y|s)2
2µ2
+
(1 + µ)2
2µ2
(∫ t
0
γ(u)dS(u)
)2
.
12 Y.Dolinsky and Y.Kifer
Following the arguments of Lemma 4.1 in [3] we see that there is a constant c˜ such
that
EQ
(
sup
0≤t≤T
(∫ t
0
γudS
(s)
u
)2)
≤ c˜(z + g(y, s) + (2 + 3µ)|y|s)2.
This together with (4.2) and (4.5) competes the proof. 
Next, for any n ∈ N introduce the piecewise constant stochastic process Sˆn,st =
S
(s)
θ
(n)
[nt/T ]
, t ∈ [0, T ] and the payoffs
Yˆ n,st = [F (Sˆ
n,s)]([nt/T ]T/n) ≤ Xˆn,st = [G(Sˆn,s)]([nt/T ]T/n) t ∈ [0, T ].
By applying the results of Section 4 in [13] we get that there exists a constant C1
such that for any n,
(4.6)
EP
(
max
1≤k≤n
max
θ
(n)
k−1≤t≤θ
(n)
k
(
|X(s)t∧T − Xˆn,skT
n
|+ |Y (s)t∧T − Yˆ n,skT
n
|
))
≤ C1n−1/4(lnn)3/4.
Let Tˆn the set of all stopping times with respect to the filtration {Fθ(n)k }
n
k=0
with
values k = 0, 1, ..., n. Set,
Rˆn(T, s, z, y) = inf
π∈AW,n(s,z,y)
inf
ζ∈Tˆn
sup
η∈Tˆn
EP
(
Xˆn,sζT
n
Iζ<η + Yˆ
n,s
ηT
n
Iη≤ζ − V πθ(n)ζ∧η
)+
.
Observe that Sˆn,st = Πn(S
n,s
t ), Yˆ
n,s
t = Πn(Y
n,s
t ) and Xˆ
n,s
t = Πn(X
n,s
t ), t ∈ [0, T ].
Thus by using similar arguments as in [3] and [6] (see Section 3 in these papers) we
get that
(4.7) Rˆn(T, s, z, y) = Rn(T, s, z, y).
The equality (4.7) plays a key role in the proof of the following result.
Lemma 4.2. Let (z, y) ∈ R++ × R be an initial position. There exists a constant
C2 > 0 such that for any n ∈ N
R(T, s, z, y) ≥ Rn(T, s, z, y)− C2n−1/4(lnn)3/4.
Proof. Fix n and set zn = z−n−1/3. Assume that n is sufficiently large, so zn ≥ 0.
Let (π, σ) ∈ A(T, s, zn, y) be such that
(4.8) R(T, s, zn, y) > R(T, s, π, σ)− 1
n
.
Introduce the random variable
Γ = max
0≤t≤T
|γt|S(s)t +
∫ T
0
S(s)u |dγu|.
Define the stopping time
Υ = T ∧ inf
{
t : max
0≤u≤t
|γu|S(s)u +
∫ t
0
S(s)u |dγu| > n1/7
}
,
and the portfolio π˙ = (z, y, γ˙) by γ˙t = γtIt≤Υ. Namely, we liquidate the portfolio
at the stopping time Υ. Observe that the initial capitals of the portfolios π˙ and π,
equal to z and zn, respectively. From Lemma 4.1 and the Chebyshev inequality it
follows that
Q(Υ < T ) = Q(Γ > n1/7) = O(n−2/7).
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This together with (2.2)–(2.3) and the Ho¨lder inequality (for p = 8, q = 8/7) gives
(4.9) R(T, s, π˙, σ)−R(T, s, π, σ) ≤ EQ
(
Z−1T sup
0≤t≤T
X
(s)
t IΥ<T
)
= O(n−1/4).
Introduce the portfolio π˜ = (z, y, γ˜) ∈ AW,n(s, z, y) which is managed at the
stopping times 0, θ
(n)
1 , ..., θ
(n)
n and is given by
γ˜t = yIt=0 +
n−1∑
i=0
γ˙
θ
(n)
i
I
(θ
(n)
i ,θ
(n)
i+1]
.
Let t ∈ [0, T ] and consider the event t ∈ (θ(n)k , θ(n)k+1] for some k < n. From the
integration by parts formula we get
V π˙t = zn + γ˙tS
(s)
t − ys−
(∑k
i=1
∫
[θ
(n)
i−1,θ
(n)
i )
S
(s)
u dγ˙u −
∫
[θ
(n)
k ,t)
S
(s)
u dγ˙u
)
−(∑k
i=1
∑
u∈[θ
(n)
i−1,θ
(n)
i )
g(γ˙u+ − γ˙u, S(s)u ) +
∑
u∈[θ
(n)
k ,t)
g(γ˙u+ − γ˙u, S(s)u )
)
≤
since |S(s)u − S(s)
θ
(n)
k+1
| ≤ 4κ
√
T
n min(S
(s)
u , S
(s)
θ
(n)
k+1
) for u ∈ [θ(n)k , θ(n)k+1] and large n
≤ zn + γ˙tS(s)
θ
(n)
k+1
+ 4κγ˙t
√
T
nS
(s)
t − ys−
∑k+1
i=1 S
(s)
θ
(n)
i
∫
[θ
(n)
i−1,θ
(n)
i )
dγ˙u + 4κ
√
T
n
∫ T
0 S
(s)
u |dγ˙u| −
∑k
i=1 g(γ˙θ(n)i
− γ˙
θ
(n)
i−1
, S
(s)
θ
(n)
i
) + 4κµ
√
T
n
∫ T
0 S
(s)
u |dγ˙u| −
∫
[θ
(n)
k ,t)
µS
(s)
t |dγ˙t| ≤
since max0≤u≤T |γ˙u|S(s)u +
∫ T
0
S
(s)
u |dγ˙u| ≤ n1/7, then for large n
≤ z − ys+ γ˙
θ
(n)
k
S
(s)
θ
(n)
k+1
+ S
(s)
θ
(n)
k+1
∫
[θ
(n)
k ,t)
|dγ˙u| −
∑k+1
i=1 S
(s)
θ
(n)
i
∫
[θ
(n)
i−1,θ
(n)
i )
dγ˙u
−∑ki=1 g(γ˙θ(n)i − γ˙θ(n)i−1 , S(s)θ(n)i )−
∫
[θ
(n)
k
,t)
µS
(s)
t |dγ˙t| ≤
z − ys+ γ˙
θ
(n)
k
S
(s)
θ
(n)
k+1
−∑k+1i=1 S(s)θ(n)i+1
∫
[θ
(n)
i−1,θ
(n)
i )
dγ˙u
−∑ki=1 g(γ˙θ(n)i − γ˙θ(n)i−1 , S(s)θ(n)i ) = V π˜θ(n)k+1 ,
where the last equality follows from the summation by parts. We conclude that
(for sufficiently large n)
(4.10) V π˜
θ
(n)
k+1
≥ V π˙t , t ∈ (θ(n)k , θ(n)k+1], k < n.
In particular, π˜ ∈ AW,n(s, z, y) is an admissible portfolio.
Let ζ ∈ Tˆn be given by
(4.11) ζ = n ∧min{k : θ(n)k ≥ σ} if σ < T and ζ = n if σ = T
14 Y.Dolinsky and Y.Kifer
where (π, σ) satisfies (4.8). From (4.7)–(4.9) and Lemma 5.3 we get
Rn(T, s, z, y)−R(T, s, z, y) ≤ O(|zn − z|3/4) + 1n +O(n−1/4) +
Rˆn(T, s, z, y)−R(T, s, π˙, σ) ≤ O(n−1/4) +
supη∈Tˆn EP
(
Xˆn,sζT
n
Iζ<η + Yˆ
n,s
ηT
n
Iη≤ζ − V π˜
θ
(n)
ζ∧η
)+
−
supτ∈TT EP
(
X
(s)
σ Iσ<τ + Y
(s)
τ Iτ≤σ − V π˙σ∧τ
)+
≤
since T ∧ θ(n)η ∈ TT for any η ∈ Tn
≤ O(n−1/4) + supη∈Tˆn EP
(
Xˆn,sζT
n
Iζ<η + Yˆ
n,s
ηT
n
Iη≤ζ − V π˜
θ
(n)
ζ∧η
)+
−
supη∈Tˆn EP
(
X
(s)
σ Iσ<θ(n)η ∧T
+ Y
(s)
θ
(n)
η ∧T
I
θ
(n)
η ∧T≤σ
− V π˙
σ∧θ
(n)
η
)+
≤
since σ < θ
(n)
η ∧ T by (4.11) if ζ < η
≤ O(n−1/4) + EP
(
|Xˆn,sζT
n
−X(s)σ |Iσ<θ(n)n
)
+ supη∈Tˆn EP|Yˆ
n,s
ηnT
n
− Y (s)
θ
(n)
η ∧T
|+
supη∈Tˆn EP(V
π˙
σ∧θ
(n)
η
− V π˜
θ
(n)
ζ∧η
)+ ≤
since V π˙n
θ
(n)
ζ∧η
≥ V π˙
σ∧θ
(n)
η
by (4.10), together with (4.6),
≤ O(n−1/4) + EP
(
max1≤k≤nmaxθ(n)k−1≤t≤θ
(n)
k
(
|X(s)t∧T − Xˆn,skT
n
|+ |Y (s)t∧T − Yˆ n,skT
n
|
))
= O(n−1/4(lnn)3/4),
and the result follows. 
In view of Lemma 4.2, in order to complete the proof of Theorem 2.2 it remains
to establish the following result.
Lemma 4.3. There exists a constant C3 such that for any n ∈ N and (π, σ) ∈
A(n)(T, s, z, y),
R(T, s, π˜, σ˜) ≤ Rn(T, s, π, σ) + C3n−1/4(lnn)3/4,
for (π˜, σ˜) = Ψn(π, σ).
Proof. The proof follows the proof of (2.26) in [6]. In the proof of (2.26) in [6]
we showed that if we lift a hedge to the BS model, the shortfall risk can increase
only by the amount O(n−1/4(lnn)3/4). Though in [6] there is no friction, the only
property that we used there is that the portfolio value process is a super–martingale
with respect to the martingale measure Q. In the current setup, this fact remains
true, and so we just follow the proof from [6]. 
5. Regularity properties of shortfall risk
In this section we do not assume Lipschitz continuity of the functions F,G (that
is (2.5)) but just continuity and (2.3). We start with the following lemma.
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Lemma 5.1. Let v ∈ C++[0, T ]. There exists a continuous function mv : R+ → R+
(modulus of continuity) with mv(0) = 0 such that for any T1,T2 ∈ [0, T ], z ≥ 0
and y ∈ R, we have∣∣∣∣R(T1, v, z, y)−R
(
T2, v, z,
yv(T −T1)
v(T −T2)
)∣∣∣∣ ≤ mv(|T1 −T2|).
Proof. Let T1,T2 ∈ [0, T ], z ≥ 0 and y ∈ R. Without loss of generality, we assume
thatT1 < T2. Choose ǫ > 0. There exists a hedge (π1, σ1) ∈ A (T1, v(T −T1), z, y)
such that
(5.1) R(T1, v, z, y) > R(T1, v, π1, σ1)− ǫ.
Set π1 = (z, y, γ
(1)). Let (π2, σ2) ∈ A
(
T2, v(T −T2), z, yv(T−T1)v(T−T2)
)
be a hedge
such that π2 =
(
z, y, γ(2)
)
is given by γ
(2)
t = It≤T1
γ
(1)
t v(T−T1)
v(T−T2)
, t ∈ [0,T2], and
σ2 = σ1Iσ1<T1 +T2Iσ1=T1 . Namely, the portfolio γ
(2) is proportional γ(1) until the
moment T1 and then we sell the stocks. The stopping time σ2 is almost the same
as σ1 with a small modification such that if σ1 is equal to T1 then σ2 = T2. From
(2.4) it follows that (π2, σ2) ∈ A
(
T2, v(T −T2), z, yv(T−T1)v(T−T2)
)
and V π2σ2∧t = V
π1
σ1∧t,
t ∈ [0,T2].
Let τ ∈ TT2 . Observe that if σ2 < τ then σ1 < τ ∧T1. Thus from (5.1),
R
(
T2, v, z,
yv(T−T1)
v(T−T2)
)
≤ R(T2, v, π2, σ2) =
supτ∈TT2 EP
(
XT2,vσ2 Iσ2<τ + Y
T2,v
τ Iτ≤σ2 − V π2σ2∧τ
)+ ≤
supτ∈TT2 EP
(
XT1,vσ1 Iσ1<τ∧T1 + Y
T1,v
τ∧T1
Iτ∧T1≤σ1 − V π1σ1∧τ
)+
+
EP
(
sup0≤t≤T2
(
|Y T1,vt∧T1 − Y
T2,v
t |+ |XT1,vt∧T1 −X
T2,v
t |
))
≤
ǫ+ R(T1, v, z, y) +mv(|T1 −T2|),
where
mv(δ) = sup
|t2−t1|≤δ
EP
(
sup
0≤t≤T
(|Y t1,vt∧t1 − Y t2,vt |+ |Xt1,vt∧t1 −Xt2,vt |)
)
.
From (2.3) and the fact that F,G are continuous it follows that mv is indeed a
modulus of continuity. Since ǫ > 0 was arbitrary we get
R
(
T2, v, z,
yv(T −T1)
v(T −T2)
)
−R(T1, v, z, y) ≤ mv(|T1 −T2|).
Next, we prove
R(T1, v, z, y)−R
(
T2, v, z,
yv(T −T1)
v(T −T2)
)
≤ mv(|T1 −T2|).
Choose ǫ > 0 and a hedge (π˜2, σ˜2) ∈ A
(
T2, v(T −T2), z, yv(T−T1)v(T−T2)
)
which satisfy
R
(
T2, v, z,
yv(T −T1)
v(T −T2)
)
> R(T2, v, π˜2, σ˜2)− ǫ.
Denote π˜2 =
(
z, yv(T−T1)v(T−T2) , γ˜
(2)
)
. Let (π˜1, σ˜1) ∈ A (T1, v(T −T1), z, y) be a hedge
such that π˜1 = (z, y, γ˜
(1)) is given by γ˜
(1)
t =
γ
(2)
t v(T−T2)
v(T−T1)
, t ∈ [0,T1], and σ˜1 =
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σ˜2 ∧ T1. Namely, we take a multiple of the hedge (π˜2, σ˜2) and restrict it to the
interval [0,T1]. Let τ ∈ TT1 and observe that if σ2 < τ then σ1 = σ2 < τ . Thus
we obtain,
R(T1, v, z, y) ≤ R(T1, v, π˜1, σ˜1) =
supτ∈TT1 EP
(
XT1,vσ˜1 Iσ˜1<τ + Y
T1,v
τ Iτ≤σ˜1 − V π˜1σ˜1∧τ
)+
≤ supτ∈TT1 EP
(
XT2,vσ˜2 Iσ˜2<τ + Y
T2,v
τ Iτ≤σ˜2 − V π˜2σ˜2∧τ
)+
+
EP
(
sup0≤t≤T2
(
|Y T1,vt∧T1 − Y
T2,v
t |+ |XT1,vt∧T1 −X
T2,v
t |
))
≤
ǫ+R
(
T2, v, z,
yv(T−T1)
v(T−T2)
)
+mv(|T1 −T2|),
and by taking ǫ ↓ 0 we complete the proof. 
Next, we obtain the following simple result.
Lemma 5.2. Let v ∈ C++[0, T ]. There exists a continuous function m˜v : R+ → R+
with m˜v(0) = 0 such that for any v˜ ∈ C++[0, T ], T ∈ [0, T ], z ≥ 0 and y ∈ R, we
have ∣∣∣∣R (T, v, z, y)−R
(
T, v˜, z,
yv(T −T)
v˜(T −T)
)∣∣∣∣ ≤ m˜v(||v − v˜||).
Proof. Fix T ∈ [0, T ], v˜ ∈ C++[0, T ], z ≥ 0 and y ∈ R. Let π1 = (z, y, γ) be an
admissible portfolio in the market with maturity date T and an initial stock price
v(T − T). Consider the portfolio π2 =
(
z, yv(T−T)v˜(T−T) ,
γv(T−T)
v˜(T−T)
)
as an admissible
portfolio in the market with maturity date T and an initial stock price v˜(T −T).
The map π1 → π2 is a bijection between the corresponding sets of portfolios. From
(2.4) it follows that V π1 = V π2 , and so∣∣∣R (T, v, z, y)−R (T, v˜, z, yv(T−T)v˜(T−T) )∣∣∣ ≤
EP
(
sup0≤t≤T
(
|Y T,vt − Y T,v˜t |+ |XT,vt −XT,v˜t |
))
≤ m˜v(||v − v˜||)
where
m˜v(δ) = sup
T∈[0,T ]
sup
||v˜−v||≤δ
EP
(||XT,v −XT,v˜||+ ||Y T,v − Y T,v˜||) .
From (2.3) and the fact that F,G are continuous it follows that m˜v is indeed a
modulus of continuity. 
Next, we establish continuity properties of the shortfall risk as a function of the
initial position.
Lemma 5.3. Let K > 0. There exists a constant Cˆ = Cˆ(K) such that the following
holds. For any v ∈ C++[0, T ], T ∈ [0, T ], (zi, yi) ∈ R+ × R, i = 1, 2, such that
||v|| ≤ K and y1 = 0⇔ y2 = 0, we have
|R(T, v, z1, y1)−R(T, v, z2, y2)| ≤ Cˆ(|z1 − z2|+ |y1 − y2|)3/4.
Proof. Fix v ∈ C++[0, T ], T ∈ [0, T ] and (zi, yi) ∈ R+ × R, i = 1, 2. Assume that
||v|| ≤ K and y1 = 0⇔ y2 = 0. Denote s = v(T −T) and A = |z1− z2|+ |y1− y2|.
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Without loss of generality we assume that 0 < A < 1. Let (π1, σ1) ∈ A(T, s, z1, y1)
be such that
(5.2) R(T, v, π1, σ1) < R(T, v, z1, y1) +A.
Denote π1 = (z, y, γ
(1)). Define the stopping times ̺ = inf{t : γ(1)t+ = 0} ∧T and
ς = inf
{
t : V π1t ≤ |z2 − z1|+ |y2 − y1|(1 + µ)(s+ S(s)t∧̺
}
∧T.
Introduce the hedge (π2, σ2) ∈ A(T, s, z2, y2) by the relation σ2 = σ1 and
γ
(2)
t = It≤ς
(
(γ
(1)
t + y2 − y1)It≤̺ + γ(1)t It>̺
)
.
Namely, at the time ς the investor liquidates the portfolio. Until the time ς , the
portfolio strategy γ(2) is a shift of γ(1) until the first stock liquidation time ̺ of γ(1)
and after this time the portfolios are the same. From (2.4) it follows that
V π2t = V
π2
t∧ς ≥ V π1t∧ς −
(
|z2 − z1|+ |y2 − y1|(1 + µ)(s+ S(s)t∧ς∧̺)
)
≥ 0
where the last inequality follows from the definition of ς . Thus (π2, σ2) ∈ A(T, s, z2, y2).
Furthermore for any random variable Φ we have the following
(Φ− V π1t )+ ≥ (Φ− V π2t )+ − It≤ς
(
|z2 − z1|+ |y2 − y1|(1 + µ)(s+ S(s)t∧ς∧̺)
)
(5.3)
−It>ς
(
IV pit >1Φ+ IV pit ≤1V
π1
t
)
.
From (5.2)–(5.3) we get
R(T, v, z2, y2)−R(T, v, z1, y1) ≤
A+R(T, v, π2, σ2)−R(T, v, π1, σ1) ≤ A+ |z1 − z2|+
supτ∈TT EP
(
|y2 − y1|(1 + µ)(s+ S(s)τ∧ς∧̺) + Iς<τ IV pi1τ >1XT,vτ + Iς<τ IV pi1τ ≤1V π1τ
)
≤ A+ |z1 − z2|+ 2|y2 − y1|(1 + µ)EP
(
max0≤t≤T S
(s)
t
)
+EP
(
Iς<τ IV pi1τ >1X
T,v
τ + Iς<τ IV pi1τ ≤1V
π1
τ
)
.
Thus in order to complete the proof it remains to show that
sup
τ∈TT
EP
(
Iς<τ IV pi1τ >1X
T,v
τ + Iς<τ IV pi1τ ≤1V
π1
τ
)
= O(A3/4).
Let τ ∈ TT . From (2.2)–(2.3) and the Ho¨lder inequality (for p = 4, q = 4/3) it
follows that there exists a constant c = c(K) such that
EP
(
Iς<τ IV pi1τ >1X
T,v
τ + Iς<τ IV pi1τ ≤1V
π1
τ
)
=
EQ
(
Z−1T Iς<τ IV pi1τ >1X
T,v
τ + Z
−1
T Iς<τ IV pi1τ ≤1V
π1
τ
) ≤
c
(
(EQ[Iς<τ IV pi1τ >1])
3/4 + (EQ[Iς<τ IV pi1τ <1(V
π1
τ )
4/3])3/4
) ≤
c
(
(EQ[Iς<τV
π1
τ ])
3/4 + (EQ[Iς<τV
π1
τ ])
3/4
) ≤
since {V π1t }Tt=0 is a super–martingale with respect to Q,
≤ 2c(EQ[Iς<τV π1ς+ ])3/4 ≤
since V π1ς+ ≤ |z2 − z1|+ |y2 − y1|(1 + µ)(s+ S(s)ς∧̺) on the event ς < τ ,
≤ 2c (|z2 − z1|+ 2s|y2 − y1|(1 + µ))3/4 = O(A3/4),
and the proof is completed. 
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Lemma 5.4. Let K > 0, v ∈ C++[0, T ] and y ∈ R. Assume that ||v|| ≤ K and
|y| ≤ δµ mint∈[0,T ] 1v(t) . Then for any z ≥ 0 and T ∈ [0, T ],
R(T, v, z + δ, 0)−R(T, v, z, y) ≤ Cˆ(K)|y|3/4.
Proof. Denote s = v(T − T). Without loss of generality we assume that y 6= 0.
Let (π1, σ1) ∈ A(T, s, z, y) such that R(T, v, z, y) > R(T, v, π1, σ1)− |y|. Set π1 =
(z, y, γ(1)). Define the stopping times ̺ = inf{t : γ(1)t+ = 0} ∧T and
ς = inf
{
t : V π1t ≤ |y|(1 + µ)S(s)t∧̺
}
∧T.
Introduce the hedge (π2, σ2) ∈ A(T, s, z + δ, 0) by the relation σ2 = σ1 and π2 =
(z + δ, 0, γ(2)) where
γ
(2)
t = It≤ς
(
(γ
(1)
t − y)It≤̺ + γ(1)t It>̺
)
.
Our assumptions imply that g(y, s) = δ, and so from (2.4) we get
V π2t = V
π2
t∧ς ≥ V π1t∧ς − |y|(1 + µ)S(s)t∧ς∧̺ ≥ 0.
Thus, similarly to Lemma 5.3 we get
R(T, v, z + δ, 0)−R(T, v, z, y) ≤ Cˆ(K)|y|3/4,
as required. 
The following Proposition is the main result of this section.
Proposition 5.5. (i). The function R : [0, T ] × C++[0, T ] × R+ × R → R is
upper semi continuous (and hence measurable). If we restrict the function R to the
domain [0, T ]×C++[0, T ]×R+×R \ {0} then the function R : [0, T ]×C++[0, T ]×
R+ × R \ {0} → R is a continuous function.
(ii). There exists a measurable function β∗ : [0, T ] × C++[0, T ] × R+ × R → R
such that β∗(T, v, ·, ··) depends only on v[0,T−T] and the infimum in β in (3.2) is
attained at β∗ = β∗(T, v, z, y).
(iii). For any y ∈ R the function Rˆy : [0, T ]× C++[0, T ]× [δIy=0,∞)→ R defined
by
Rˆy(T, v, z) = Rˆ(T, v, z, y)
is a continuous function.
Proof. (i). Let (T, v, z, y) ∈ [0, T ]×C++[0, T ]×R+×R. Clearly for any (T˜, v˜, z˜, y˜) ∈
[0, T ]× C++[0, T ]× R+ × R we have
|R(T, v, z, y)−R(T˜, v˜, z˜, y˜)| ≤(5.4) ∣∣∣R(T, v, z, y)−R (T˜, v, z, yv(T−T)
v(T−T˜)
)∣∣∣+∣∣∣R (T˜, v, z, yv(T−T)
v(T−T˜)
)
−R
(
T˜, v˜, z, yv(T−T)
v˜(T−T˜)
)∣∣∣+∣∣∣R (T˜, v˜, z, yv(T−T)
v˜(T−T˜)
)
−R(T˜, v˜, z˜, y˜)
∣∣∣ .
This together with Lemmas 5.1, 5.2, and 5.3 yields that R : [0, T ]×C++[0, T ]×R+×
R \ {0} → R is a continuous function. Next, we prove that R : [0, T ]×C++[0, T ]×
R+ × R → R is upper semi continuous. Set s = v(T − T). For any admissible
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portfolio π1 = (z, 0, γ
(1)) introduce the portfolio π2 = (z, y, γ
(2)) by γ
(2)
0 = y and
γ
(2)
t = γ
(1)
t for t > 0. Observe that for any t > 0,
V π2t − V π1t = V π20+ − V π10+ = g(y, s)− g(y − γ(1)0+ , s) + g(γ(1)0+ , s) ≥ 0.
Thus R(T, v, z, y) ≤ R(T, v, z, 0). This together with (5.4) and Lemmas 5.1, 5.2
and (5.3) completes the proof.
(ii). Fix (T, v, z, y) ∈ [0, T ]×C++[0, T ]×R+ ×R. Set s = v(T −T). Assume that
Γ(s, z, y) 6= ∅. We want to show that the minimum in (3.2) is attained. Thus, let
{βn}∞n=1 ⊂ Γ(s, z, y) for which
(5.5) lim
n→∞
R (T, v, h(s, z, y, βn), y + βn) = inf
β∈Γ(s,z,y)
R (T, v, h(s, z, y, β), y + β) .
The set Γ(s, z, y) is compact, and so without loss of generality we assume (by
passing to a sub sequence) that the sequence {βn}∞n=1 ⊂ Γ(s, z, y) converges, thus
let limn→∞ βn = βˆ ∈ Γ(s, z, y). First assume that βˆ 6= −y, then
h(s, z, y, βˆ) = lim
n→∞
h(s, z, y, βn).
Thus from (5.5) and the fact that R : [0, T ] × C++[0, T ] × R+ × R \ {0} → R is
continuous we conclude that
(5.6) R
(
T, v, h(s, z, y, βˆ), y + βˆ
)
= inf
β∈Γ(s,z,y)
R (T, v, h(s, z, y, β), y + β) .
Next, we deal with the case βˆ = −y. In this case h(s, z, y, βˆ) = δ+limn→∞ h(s, z, y, βn),
and so from (5.5) and Lemma 5.4 we obtain
(5.7) R
(
T, v, h(s, z, y, βˆ), 0
)
= inf
β∈Γ(s,z,y)
R (T, v, h(s, z, y, β), y + β) .
We conclude that the infimum in (3.2) is attained at βˆ ∈ Γ(s, z, y). It follows that
there exists a measurable map β∗ : [0, T ] × C++[0, T ] × R+ × R → R such that
β∗ = β∗(T, v, z, y) depends only on v[0,T−T] and the infimum in (3.2) is attained
at β∗ provided that Γ(v(T −T), z, y) 6= ∅. For instance, β∗(T, v, z, y) = 0 if y = 0
and z < δ (i.e. Γ (v(T −T), z, y) = ∅), and if Γ (v(T −T), z, y) 6= ∅,
β∗(T, v, z, y) = minβ˜∈Γ(v(T−T),z,y)R
(
T, v, h(s, z, y, β˜), y + β˜
)
=
infβ∈Γ(s,z,y)R (T, v, h(s, z, y, β), y + β) .
(iii). Fix y ∈ R. Choose a sequence {Tn, vn, zn}∞n=1 ⊂ [0, T ]×C[0, T ]× [δIy=0,∞)
which converges to (T, v, z). From the continuity of G it follows that
(5.8) XT,v0 = limn→∞
XTn,vn0 .
Set s = v(T −T) and sn = vn(T −Tn), n ∈ N. Let βn = β∗(Tn, vn, zn, y), n ∈ N.
The sequence βn, n ∈ N is bounded, and so without loss of generality by taking
a subsequence we can assume that it converges. Denote βˆ = limn→∞ βn. It is
straightforward to check that βˆ ∈ Γ(s, z, y). By using (5.8) and applying similar
arguments as in (5.6)–(5.7) we get
Rˆ(T, v, z, y) ≤ min
(
(XT,v0 − z)+, R
(
T, v, h(s, z, y, βˆ), βˆ + y
))
≤ lim infn→∞ Rˆ(Tn, vn, zn, y).
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This yields the lower semi–continuity of Rˆy. Thus, it remains to establish upper
semi-continuity. Let β˜ = β∗(T, s, z, y). First assume that h(s, z, y, β˜) > 0. Then
for sufficiently large n, we have β˜ ∈ Γ(sn, zn, y) and
h(s, z, y, β˜) = lim
n→∞
h(sn, zn, y, β˜).
Thus from (5.8) and the fact that R is upper semi–continuous we get
Rˆ(T, v, z, y) = min
(
(XT,v0 − z)+, R
(
T, v, h(s, z, y, β˜), β˜ + y
))
(5.9)
≥ lim supn→∞ Rˆ(Tn, vn, zn, y).
Finally, assume that h(s, z, y, β˜) = 0. Let π = (0, y˜, γ) be an admissible portfolio
for some y˜. From the fact that the geometric Brownian motion can increase or
decrease for any amount (with positive probability) on any time interval it follows
that γt = 0 for t > 0. Indeed, for otherwise the portfolio value can become negative
with positive probability. Thus
R(T, v, 0, y˜) = inf
σ∈TT
sup
τ∈TT
EP
(
XT,vσ Iσ<τ + Y
T,v
τ Iτ≤σ
)
.
In particular, R(T, v, 0, y˜) does not depend on y˜. From (2.3) and the fact that
F,G are continuous it follows that R(·, ··, 0, y˜) is continuous. For any n ∈ N,
−y ∈ Γ(sn, zn, y), and so from the upper semi continuity of R it follows that
Rˆ(T, v, z, y) = min
(
(XT,v0 − z)+, R(T, v, 0, β˜ + y)
)
(5.10)
≥ lim supn→∞min
(
(XTn,vn0 − zn)+, R(Tn, vn, zn − δIy=0, 0)
)
≥ lim supn→∞ Rˆ(Tn, vn, zn, y).
From (5.9)–(5.10) we derive the upper semi continuity of Rˆy, and the proof is
completed. 
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